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Abstract

The problem of the determination of Green�s function in conduction for a rectilinearly anisotropic solid with an expo-
nential grading along a certain direction is studied. Domains of an unbounded space and a half-space, either three-
dimensional or two-dimensional, are considered. Along the boundary of the domain, homogeneous boundary conditions
of the first and second kinds are imposed. We find interestingly that, under this specific type of grading, the Green�s func-
tions permit an algebraic decomposition, which will in turn greatly simplify the formulation. The method of Fourier
transform is employed for the Green�s function for a half-space or a half-plane. Although the derivation process is quite
tedious, we show analytically that the inverse transform can be found exactly and their resulting expressions are surpris-
ingly neat and compact. In addition, both steady-state and transient-state field solutions are considered. By taking
Laplace transform with respect to the time variable, we show that the mathematical frameworks for the steady-state
and transient-state Green�s functions are entirely analogous. Thereby, the transient-state Green�s function is readily
obtained by taking Laplace inverse transform back to the time domain. These derived fundamental solutions will serve
as benchmark results for modeling some inhomogeneous materials. In the absence of grading term, we have verified ana-
lytically that our solutions agree exactly with previously known Green�s functions for homogeneous media.
� 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Finding Green�s functions pertaining to certain physical phenomena, possibly incorporated with suitably
prescribed boundary data, is one of the fundamental subjects in mathematical physics. The knowledge of
Green�s functions can serve as basic ingredient to construct the fields via superpositions under various dis-
tributed sources and general boundary data. Classical fundamental solutions, such as in conduction and in
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elasticity (known as Kelvin�s solution), have been known for more than one century. Existing Green�s func-
tions of other physical phenomena include anisotropic piezoelectricity, thermoelasticity and poroelasticity
(Norris, 1994; Chen, 1993). Most of the existing fundamental solutions are under the condition that the
material is homogeneous. Recently, there has been a growing interest on functionally graded materials,
i.e. materials with spatially varying properties tailored to satisfy particular engineering applications. Re-
lated works in various applications can be found, for instance, in Reiter et al. (1997), Wang and Jasiuk
(1998), Horgan and Chan (1999) and Weng (2003). For a good overview of research on functionally graded
materials, the reader is referred to Hirai (1995) and Suresh (2001).

Existing Green�s functions for various physical phenomena in graded media are not many. The field
equations for Green�s functions of graded media are in general governed by partial differential equations
with position-dependent coefficients, and thus finding their explicit solutions is considerably complicated.
Typical solutions of Green�s functions are often expressed as series or integral forms (in the transformed
space) which in general delimit their applications. For some aspects of applications it is often desirable
to have closed-form expressions for the Green�s functions, such as in effective medium theories and in
boundary integral methods. In a recent study, Martin et al. (2002) derived the Green�s function for a
three-dimensional exponentially graded elastic solid, in which the Lamé constants are varying exponentially
along a certain direction. They showed that the Green�s function consists of two parts: one, corresponding
to the Green�s function of a homogeneous medium, i.e., Kelvin�s solution, and the other, expressing the ef-
fect associated with the grading part. However, the latter term, involves two integrals of some elementary
functions, cannot be evaluated exactly.

Motivated by this latter study, we elaborate further along this line of exploration, but focus on a simpler
mathematical framework, the conduction phenomena, aiming at finding exact, closed-form expressions for
the Green�s functions. As in Martin et al. (2002) we assume that the material property has an exponential
grading along a certain direction, but the conductivity tensor is generally anisotropic. Physically, this sim-
ulates a layered medium with a continuously varying conductivity. Domains of an unbounded space, an infi-
nite plane, a half-space and a half-plane are considered. Along the boundaries of the semi-infinite region,
homogeneous boundary conditions of the first- and second-kind are considered. For the first-kind boundary
condition the temperature potential is set equal to zero along the boundary, while for the second-kind the
normal component of the heat flux is taken to be zero. In addition, both steady-state and transient-state field
solutions are examined. We find, remarkably, under this specific type of grading, the Green�s functions per-
mit an algebraic decomposition (2.6). This will substantially reduces the algebraic complexity through the
entire analysis, and thereby enhances its general transparency. The plan of the paper is as follows. In Section
2, we derive the Green�s function for an unbounded space. We show that the steady-state Green�s function
for an exponentially graded medium is simply that of a modified Helmholtz equation multiplied by an expo-
nential term. Green�s function for a half-space is considered in Section 3. The method of double Fourier
transform is employed and the solution in the transformed space is derived exactly. After some tedious der-
ivations, we show that the inverse transform can be found analytically and their resulting expressions are
surprisingly simple. The solution forms imply that the Green�s function can be constructed from the fields
produced by a certain distribution of image points. In Section 4, we derive the Green�s functions for a
two-dimensional plane, either unbounded or half-plane. In contrast to those for a three-dimensional space
the mathematical formulation is considerably simpler. We show again that the exact Green�s functions can
be obtained in simple, closed forms. In Section 5, we consider that the transient-state Green�s functions for
an infinite space, an infinite plane, a half-space and a half-plane. By taking Laplace transform with respect to
the time variable, we show that the mathematical frameworks for the steady-state and transient-state Green�s
functions are entirely analogous. Thus, the critical step in seeking the transient-state Green�s functions is to
invert the (Laplace) transformed solutions back to the time domain analytically. We will show that this
is indeed possible. Lastly, in the absence of grading term, we have verified analytically that our solutions
recover exactly with previously known Green�s functions for homogeneous media.
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2. Green�s function for an infinite space

We consider an unbounded rectilinearly anisotropic solid which is spatially graded along a certain direc-
tion with respect to x. Here x = (x1,x2,x3) is a position vector corresponding to a Cartesian coordinate. We
denote the conductivity tensor of the material by ~kijðxÞ, in which ~kij ¼ ~kji. The field equilibrium equation
under steady-state condition subject to a point source at x 0 is of the form
o

oxi
~kijðxÞ

oG
oxj

� �
¼ �dðx� x0Þ; i; j ¼ 1; 2; 3; ð2:1Þ
in which d(x�x 0) is the Dirac delta function. It is noted that sums over repeated indices are implied
throughout the paper. Here the Green�s function G is the temperature potential at the point x due to a point
source applied at x 0. We now consider a particular graded material in which the conductivity tensor varies
exponentially along a certain direction b,
~kijðxÞ ¼ kij expð2b � xÞ: ð2:2Þ

Here kij is a constant second-order tensor and b = (b1,b2,b3) is a given constant vector. As in Martin et al.
(2002), the factor of 2 in the exponent is introduced here for later algebraic convenience. The assumption of
an exponentially varying property is common in the engineering literature in modeling functionally graded
materials. Relevant works include Giannakopoulos and Suresh (1997), Martin et al. (2002) and the refer-
ences contained therein. Since
o

oxi
~kijðxÞ ¼ 2bikij expð2b � xÞ ¼ 2bi

~kijðxÞ; ð2:3Þ
equation (2.1) can be recast as
kij
o2G
oxioxj

þ 2bikij
oG
oxj

¼ � expð�b � ðxþ x0ÞÞdðx� x0Þ: ð2:4Þ
Here in deriving (2.4) we have employed the following identity of the Dirac delta function (Sneddon, 1972,
p.486)
f ðxÞdðx� x0Þ ¼ f ðx0Þdðx� x0Þ: ð2:5Þ

Equation (2.4) is the governing equation for Green�s function for a material with an exponentially graded
conductivity tensor (2.2). In the context of elasticity, under a similar exponentially grading assumption for
the Lamé constants, the subject was first explored by Martin et al. (2002). They found that, apart from a
common factor of exp(�b Æ (x + x 0)), the Green�s tensor for a three-dimensional elastic isotropic medium
consists of two parts: one singular part and the other grading part. The singular term is exactly the Kelvin
solution, i.e. the Green�s tensor for a homogeneous medium. While the grading part cannot be resolved
analytically, but consists of a sum of integral of modified Bessel functions and double integrals of finite re-
gions of elementary functions. In contrast, here in the context of conductivity we shall demonstrate that the
Green�s function admits simple closed-form expression.

To show this, we first claim that the Green�s function G follows the decomposition
Gðx; x0Þ ¼ expð�b � ðxþ x0ÞÞGeðx; x0Þ: ð2:6Þ

By substituting (2.6) into (2.4) we see that the exponential term was cancelled out identically and the func-
tion Ge is simply governed by
kij
o2Ge

oxioxj
� kijbibjG

e þ dðx� x0Þ ¼ 0: ð2:7Þ
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Remarkably, Equation (2.7) is exactly the Green�s function for a modified Helmholtz operator associated with
a general anisotropic tensor kij. This observation implies that the Green�s function for an exponentially
graded medium is simply that of a modified Helmholtz equation multiplied by an exponential term (2.6).

To proceed for the solution for Ge in (2.7), we introduce an affine coordinate transformation (Milton,
2002)
y ¼ Ax; ð2:8Þ
where the transformation matrix A does not depend on x. Using the chain rule of differentiation, we have
o2Ge

oxioxj
¼ AkiAlj

o2Ge

oykoyl
: ð2:9Þ
Further, we note that (DeSanto, 1992)
dðx� x0Þ ¼jJ j dðy� y0Þ; ð2:10Þ
where jJj is the absolute value of the Jacobian given by
jJ j	 oðy1; y2; y3Þ
oðx1; x2; x3Þ

���� ����: ð2:11Þ
Accordingly, Eq. (2.7) becomes
AkikijAlj
o2Ge

oykoyl
� kijbibjG

eþ jJ j dðy� y0Þ ¼ 0: ð2:12Þ
Now if one takes
A ¼ k�1=2; ð2:13Þ

Eq. (2.12) becomes
jO2Ge � jk2Ge þ dðy� y0Þ ¼ 0; ð2:14Þ

where
j ¼jJ j�1 ¼ det k1=2; k2 ¼ bTkb; r2 ¼ o2

oy21
þ o2

oy22
þ o2

oy23
: ð2:15Þ
Here the superscript T indicates a matrix transpose. Now (2.12) is the standard form of the Green�s function
for a modified Helmholtz operator in the y-space, the solution of which can be readily found in the liter-
ature (see for instance, Arfken and Weber, 2001, p. 554)
Ge ¼ 1

4pj jy� y0 j expð�k jy� y0 jÞ: ð2:16Þ
Since
jy� y0 j ¼ ½ðy� y0ÞTðy� y0Þ�1=2 ¼ ½ðx� x0ÞTðkTÞ�1=2
k�1=2ðx� x0Þ�1=2

¼ ½ðx� x0ÞTk�1ðx� x0Þ�1=2; ð2:17Þ
we can write the function Ge (2.16) in terms of the position vector x in the form
Ge ¼ 1

4pjR
expð�kRÞ; with R 	 ½ðx� x0ÞTk�1ðx� x0Þ�1=2: ð2:18Þ
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Upon substitution of (2.18) back into (2.6), the steady-state Green�s function of conduction for an expo-
nentially graded medium takes the form
1 N
Gðx; x0Þ ¼ 1

4pjR
expð�b � ðxþ x0Þ � kRÞ: ð2:19Þ
The first term characterizes the Green�s function corresponding to a homogeneous conductivity k, while the
second part is a correction factor associated with the exponentially grading term. Of course, when b = 0 the
inhomogeneous part takes the value of unity and the known solution for a homogeneous medium is recov-
ered (Chang et al., 1973, Eq. (18)). We mention that the conduction Green�s function for the same type of
exponential grading has recently been considered by Gray et al. (2003) with the condition that the medium
is isotropic. We have checked that our result (2.19) agrees with their solution under the isotropic condition.
In closing this section, we remark that the affine transformation could serve as a convenient tool in resolv-
ing potential problems of various kinds. Milton�s (2002) book contains some of the illustrations. Another
famous example is the procedures proposed for Saint-Venant�s torsion of anisotropic shafts (Sokolnikoff,
1956). We have made some substantial progress recently on related subjects based on this transformation.
Detailed results will appear in a future publication.
3. Green�s function for a half-space

We now derive the steady state Green�s function for a half-space. As in Section 2, we assume that the
conductivity tensor k is generally anisotropic and that the grading direction b could be arbitrary. Thereby,
without loss of any generality, we can consider that the half-space occupies the region 0 6 x1 <1. Along
the boundary of the domain, x1 = 0, we suppose that homogeneous types of boundary conditions are im-
posed. For the first-kind boundary condition the temperature potential is set equal to zero along the bound-
ary, while for the second-kind the normal component of heat flux is taken to be zero. That is,
Gjx1¼0 ¼ 0; or k1j
oG
oxj

����
x1¼0

¼ 0: ð3:1Þ
By the decomposition (2.6), the governing field for Ge still follows (2.7), but the boundary conditions (3.1)
are, respectively, transformed to
Gejx1¼0 ¼ 0; or k1j
oGe

oxj
� k1jbjG

e

����
x1¼0

¼ 0: ð3:2Þ
The above two equations demonstrate that a second-kind of homogeneous boundary condition in graded
media is analogous to that of a convective type (a third-type) of boundary condition in homogeneous
media. To proceed, we first expand the Dirac delta function in (2.7) via double Fourier transforms with
respect to x2 and x3,

1

ote that the Fourier transform of a function f(x) with respect to the variable x and its inverse transform are defined here as

~f ðnÞ 	 Fðf ðxÞÞ ¼
Z þ1

�1
f ðxÞe�ixndx;

f ðxÞ 	 F�1ð~f ðnÞÞ ¼ 1

2p

Z þ1

�1
~f ðnÞeixndn:
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dðx� x0Þ ¼ 1

4p2
dðx1 � x01Þ

Z 1

�1
exp½in2ðx2 � x02Þ�dn2

Z 1

�1
exp½in3ðx3 � x03Þ�dn3; ð3:3Þ
and assume a similar expansion for the function Ge as
Geðx1; x2; x3Þ ¼
1

4p2

Z 1

�1

Z 1

�1
~G
eðx1; n2; n3Þ exp½in2ðx2 � x02Þ� exp½in3ðx3 � x03Þ�dn2 dn3: ð3:4Þ
Note that ~G
eðx1; n2; n3Þ is exactly the Fourier transform of Ge with respect to the x2 and x3 variables. A

direct substitution of (3.3) and (3.4) into (2.7) will show that the function ~G
e
is governed by
k11
d2 ~G

e

dx21
þ 2iðk12n2 þ k13n3Þ

d~G
e

dx1
� bl2 ~G

e ¼ �dðx1 � x01Þ; ð3:5Þ
and the boundary condition (3.2) becomes
~G
ejx1¼0 ¼ 0; or k11

d~G
e

dx1
þ ½iðk12n2 þ k13n3Þ � k1jbj�~G

e

�����
x1¼0

¼ 0; ð3:6Þ
where we have set
bl2 	 nTkð11Þn þ k2; n 	 ðn2; n3ÞT; ð3:7Þ
and k(ij), i, j = 1, . . ., 3, is the (2 · 2) submatrix of k 	 (kij) by deleting the row and column containing the
element kij. To resolve (3.5), we use the substitution (Lanczos, 1961, p. 359)
eGeðx1; n2; n3Þ ¼ eGwðx1; n2; n3Þ=wðx1Þ; ð3:8Þ

in which
wðx1Þ ¼ expðix1ðk12n2 þ k13n3Þ=k11Þ: ð3:9Þ

This transformation has the conspicuous properties that it will eliminate the first derivative term and will
also transform the differential operator into a self-adjoint form. Specifically, some algebraic manipulations
of the system, (3.5) and (3.6), will yield
d2 eGw

dx21
� l2 eGw

¼ �dðx1 � x01Þwðx01Þ=k11; ð3:10Þ
together with
eGwjx1¼0 ¼ 0; or � deGw

dx1
þ peGw

�����
x1¼0

¼ 0; with p 	 k1jbj=k11; ð3:11Þ
where
l2 	 ðnTmn þ k2k11Þ=k211; and m ¼
m33 m23

m23 m22

� �
; with mij ¼ det kðijÞ: ð3:12Þ
Equation (3.10) can be solved using the usual solution procedures for Green�s function (Hildebrand, 1965,
p.228). For completeness, we outline its solution procedures in Appendix B. Specifically, the function eGw

can be resolved as
eGwðx1; n2; n3Þ ¼
wðx01Þ
2lk11

½expð�lðx1> � x1<ÞÞ � expð�lðx1> þ x1<ÞÞ�; ð3:13Þ
for the first-kind boundary condition (3.11)1, and as
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eGw
ðx1; n2; n3Þ ¼

wðx01Þ
2lk11

expð�lðx1> � x1<ÞÞ þ
l � p
l þ p

expð�lðx1> þ x1<ÞÞ
� �

; ð3:14Þ
for the second-kind condition (3.11)2, where we have defined
x1> 	 maxðx1; x01Þ; x1< 	 minðx1; x01Þ: ð3:15Þ
Now substitution of (3.13) or (3.14) together with (3.8 ) back into (3.4) will lead to an integral form for the
solution of Ge, which is indeed the Fourier inversion of eGe

. In general, finding the closed-form expressions
for a double Fourier inverse transform may not be a simple task. Remarkably, despite their cumbersome
appearances, after a great deal of effort, we are able to show analytically in Appendices C and D that they
can be exactly integrated. The derived solutions for Ge are given in (C.16) and (D.7). Consequently, a sub-
stitution of Ge back to (2.6) will lead to our desired half-space Green�s function G,
Gðx; x0Þ ¼ expð�b � ðxþ x0ÞÞ expð�kRÞ
4pjR

� expð�kRiÞ
4pjRi

� �
; ð3:16Þ
for the first-kind boundary condition, and
Gðx; x0Þ ¼ expð�b � ðxþ x0ÞÞ expð�kRÞ
4pjR

þ expð�kRiÞ
4pjRi

þ
Z 1

0

hðfÞ expð�kRfÞ
4pjRf

df

� �
; ð3:17Þ
corresponding to the second-kind boundary condition, where R was given in (2.18), h(f) is defined in (D.5)
and
Ri ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ 4x1x01

k11

s
; Rf ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ ð2x1 þ fÞð2x01 þ fÞ

k11

s
: ð3:18Þ
It should be noted that, for brevity of expressions, the variables Ri and Rf, defined above, have been rewrit-
ten from (C.12), (C.15) and (D.7) by simple addition and substraction. For (3.16), we observe the first term
on the right, after multiplication, is exactly the Green�s function for a graded infinite space, see (2.19). While
the second term on the right also represents the Green�s function for a graded unbounded space but the
image point x01 is shifted in a specific manner (see (C.12) and (C.15)). For (3.17), the first two terms on
the right again can be interpreted as superposition of imaged points. The third term, which involves an inte-
gral expression, is however an additional term due to the grading effect. To further elaborate on this point,
we introduce a new dummy variable f 0 by letting f0 ¼ �x01 � f. This will allow us to rewrite (3.17) in the
alternative form
Gðx; x0Þ ¼ expð�b � ðxþ x0ÞÞ expð�kRÞ
4pjR

þ expð�kRiÞ
4pjRi

þ
Z �x0

1

�1
hðf0Þ expð�kRf0 Þ

4pjRf0
df0

 !
; ð3:19Þ
where
hðf0Þ ¼ �2p expðpðx01 þ f0ÞÞ; Rf0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ ð2x1 � x01 � f0Þðx01 � f0Þ

k11

s
: ð3:20Þ
We note that this expression (3.19) is formally similar to the Green�s function of a harmonic operator for a
half-space with a third-type boundary condition (Greenberg, 1971, p. 86), which can be interpreted as a
continuous variation of imaged singularities. This in fact reflects our previous observation that a second-
kind of boundary condition in this exponentially graded media is mathematically analogous to that of a
convective type of boundary condition in homogeneous media.
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Lastly, if one sets b = 0, it can be readily seen that h(f) vanishes identically. Further, it can be verified
analytically that (3.16) exactly reduces to the corresponding known Green�s function for a homogeneous
half-space (Chang, 1977, Eq. (5.4)).
4. Two-dimensional medium

4.1. Green’s function for an infinite plane

Our previous formulation could also apply to a two-dimensional plane. Of course, the mathematical der-
ivations will be considerably simpler than those of the three-dimensional space. Here in this section we shall
examine the corresponding Green�s function for an exponentially graded plane. The previous framework
for three-dimensional Green�s function in Section 2 remains valid, but the indices i, j now take the values
of 1 and 2. For plane problems, k is a (2 · 2) matrix and the position vector is defined by x = (x1,x2). As in
Section 2, the field equation for Ge is still governed by (2.14), with the definition
b ¼ ðb1; b2Þ; r2 ¼ o
2

oy21
þ o

2

oy22
: ð4:1Þ
The solution of Eq. (2.14) for a two-dimensional plane can be found from Arfken and Weber (2001) as
Geðy; y0Þ ¼ 1

2pj
K0ðk jy� y0 jÞ; ð4:2Þ
which can be readily transformed back to physical space x as
Ge ¼ 1

2pj
K0ðkRÞ; ð4:3Þ
where K0 is the modified Bessel function of the second kind, of order zero. Note that the variable R for a
two-dimensional plane has the same formal expression as in (2.18) for a three-dimensional space. But they
are intrinsically different as here k is a (2 · 2) matrix and x = (x1,x2). Accordingly the Green�s function for
an exponentially graded material in a two-dimension medium then becomes
Gðx; x0Þ ¼ 1

2pj
K0ðkRÞ expð�b � ðxþ x0ÞÞ: ð4:4Þ
4.2. Green’s function for a half-plane

We now derive the Green�s function for an exponentially graded half-plane. Without loss of any gener-
ality we assume that the half plane occupies the region 06 x1<1. Along the boundary of the domain,
x1 = 0, two types of homogeneous boundary conditions are considered. Since the derivation steps are en-
tirely parallel to that of three dimensional case, only the main difference will be illustrated.

Following the decomposition (2.6), it can be verified that the decomposed Green�s function Ge(x1,x2) is
governed by (2.7) together with the boundary conditions (3.2). Analogous to (3.3) and (3.4), we can write
dðx� x0Þ ¼ 1

2p
dðx1 � x01Þ

Z 1

�1
exp½in2ðx2 � x02Þ�dn2;

Geðx1; x2Þ ¼
1

2p

Z 1

�1
eGe

ðx1; n2Þ exp½in2ðx2 � x02Þ�dn2:

ð4:5Þ
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This will allow us to show that the function eGe
is described as in (3.5) with the condition (3.6). But now l̂ is

simplified as
l̂2 	 k2 þ k22n
2
2; ð4:6Þ
It should be mentioned when referring to previous equations for a three-dimensional space, the terms asso-
ciated with x3 or n3 should be taken out. Further, we can introduce a change of variable (3.8), omitting n3,
by setting
wðx1Þ ¼ expðik12n2x1=k11Þ: ð4:7Þ

This will give exactly (3.10) and (3.11), and thus the resulting solutions for eGw

in (3.13) and (3.14) remains
the same, with now the new definition
l2 ¼ ðn2
2 det kþ k2k11Þ=k211: ð4:8Þ
Now substitution of (3.13) or (3.14) together with (3.8) with (4.7) back into (4.5) will lead to an integral
form for the solution of Ge. Note that the major difference between those for 3D and 2D configurations
is that for a three-dimensional space, Ge is the double Fourier inversion with respect to n2 and n3, while
for a 2D configuration, Ge is the Fourier inversion with respect to one single variable n2. Thus the math-
ematical formulation for the latter problem is considerably simpler. Similar to the steps outlined in Appen-
dices C and D, we find that the half-plane Green�s functions are exactly derived as
Gðx; x0Þ ¼ 1

2pj
expð�b � ðxþ x0ÞÞ½K0ðkRÞ � K0ðkRiÞ�; ð4:9Þ
for the first-kind boundary condition, and
Gðx; x0Þ ¼ 1

2pj
expð�b � ðxþ x0ÞÞ K0ðkRÞ þ K0ðkRiÞ þ

Z 1

0

hðfÞK0ðkRfÞdf

� �
; ð4:10Þ
for the second-kind boundary condition, where h(f) is defined in (D.5) and R, Ri and Rf for a 2D config-
uration are given by
R2 ¼ ðx1> � x1<Þ2

k11
þ k11
det k

� k12
k11

ðx1 � x01Þ þ ðx2 � x02Þ
� �2

;

R2
i ¼

ðx1> þ x1<Þ2

k11
þ k11
det k

� k12
k11

ðx1 � x01Þ þ ðx2 � x02Þ
� �2

;

R2
f ¼

ðx1> þ x1< þ fÞ2

k11
þ k11
det k

� k12
k11

ðx1 � x01Þ þ ðx2 � x02Þ
� �2

:

ð4:11Þ
Note that the relation (3.18) remains valid for (4.11).
5. Transient Green�s functions

5.1. An infinite space

We now examine the transient Green�s function of conduction for an infinite space. In a fixed rectangular
coordinate x, the Green�s function G(x,x 0; t,t 0) of conduction at transient state has the form
o

oxi
~kijðxÞ

oG
oxj

� �
� 1

âðxÞ
oG
ot

¼ �dðx� x0Þdðt � t0Þ; ð5:1Þ
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Here âðxÞ is a material constant depending on specific heat and mass density. We consider that âðxÞ follows
a similar functional variation as the conductivity ~kijðxÞ in (2.2), namely
1

âðxÞ ¼
1

a
expð2b � xÞ: ð5:2Þ
Indeed the assumption that ~kij and â possess the same grading is somewhat restricted and may not be real-
istic in practice. But we shall demonstrate that, under this prerequisite, the transient Green�s functions for
various cases can be resolved analytically. This will serve as benchmark solutions among very few existing
solutions of this kind. Back to (5.1), it will be seen that the Green�s function G can still be separated as in
(2.6)
Gðx; x0; t; t0Þ ¼ expð�b � ðxþ x0ÞÞGeðx; x0; t; t0Þ: ð5:3Þ
Direct substitution of (5.3) into (5.1) will find that the exponential term can be cancelled out identically and
the field of Ge is governed by
kij
o2Ge

oxioxj
� kijbibjG

e � 1

a
oGe

ot
þ dðx� x0Þdðt � t0Þ ¼ 0: ð5:4Þ
To proceed, we make use of the Laplace transform
Lff ðtÞg 	
Z 1

0

e�stf ðtÞdt ¼ f ðsÞ; ð5:5Þ
where the overbar of �f ðsÞ denotes the Laplace transform of f(t). The Laplace transform of (5.4) with respect
to t will give
kij
o2ðest0GeÞ
oxioxj

� kijbibj þ
s
a


 �
ðest0GeÞ þ dðx� x0Þ ¼ 0; ð5:6Þ
where we have employed the vanishing of initial condition and, for clarity, we have multiplied the function
exp(st 0) throughout. We note that in comparison of (2.7) for steady-state conditions, the two sets of gov-
erning fields, (5.6) and (2.7), are entirely analogous by setting
Ge $ est
0
Ge; kijbibj $ kijbibj þ

s
a
: ð5:7Þ
The simple correspondence of (5.7) suggests that we can directly write down the solution of (5.6) via (2.18)
as
est
0
Ge ¼ 1

4pjR
expð�~kRÞ; ð5:8Þ
where
~k
2 ¼ kijbibj þ

s
a
: ð5:9Þ
Making use of the identity (A.1), the inverse Laplace transform of (5.8) follows
Ge ¼ Hðt � t0Þa
j½4paðt � t0Þ�

3
2

exp � R2

4aðt � t0Þ � ak2ðt � t0Þ
� �

; ð5:10Þ
where H(t�t 0) is the Heaviside unit step function. Thus, from (5.3), we have
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Gðx; x0; t; t0Þ ¼ Hðt � t0Þa
j½4paðt � t0Þ�

3
2

exp � R2

4aðt � t0Þ

� �
� exp½�b � ðxþ x0Þ � ak2ðt � t0Þ�: ð5:11Þ
Equation (5.11) again implies that the Green�s function for an exponentially graded material can be re-
garded as a product of two parts. The homogeneous part is exactly the Green�s function for a homogeneous
solid with conductivity tensor kij
G ¼ Hðt � t0Þa
j½4paðt � t0Þ�

3
2

exp � R2

4aðt � t0Þ

� �
: ð5:12Þ
While the grading part is due to the grading (inhomogeneous) effect of conductivity which can be viewed as
a correction term. We mention that (5.12) also agrees with the known Green�s function for a homogeneous
solid with conductivity k (Chang et al., 1973, Eq. (16)).
5.2. A half-space

We now examine the transient-state Green�s function for a half-space. It is seen that (5.1) to (5.6) remain
valid and the boundary conditions, via Laplace�s transform, are
Gejx1¼0 ¼ 0; or k1j
oGe

oxj
� k1jbjG

e

����
x1¼0

¼ 0: ð5:13Þ
The algebraic correspondence of (5.7) suggests that the solutions in the transformed domain should be
est
0
Ge ¼ expð�~kRÞ

4pjR
� expð�~kRiÞ

4pjRi
; ð5:14Þ
for (5.13)1 and
est
0
Ge ¼ expð�~kRÞ

4pjR
þ expð�~kRiÞ

4pjRi
þ
Z 1

0

hðfÞ expð�
~kRfÞ

4pjRf
df; ð5:15Þ
for (5.13)2. Now making use of the identity (A.1), the inverse Laplace transform of (5.14) and (5.15) can be
exactly found. These, in conjunction with (5.3), will give the transient Green�s function
Gðx; x0; t; t0Þ ¼ Hðt � t0Þa
j½4paðt � t0Þ�

3
2

expð�b � ðxþ x0Þ � ak2ðt � t0ÞÞ

� exp � R2

4aðt � t0Þ

� �
� exp � R2

i

4aðt � t0Þ

� �� �
; ð5:16Þ
for the first-kind boundary condition, and
Gðx; x0; t; t0Þ ¼ Hðt � t0Þa
j½4paðt � t0Þ�

3
2

exp½�b � ðxþ x0Þ � ak2ðt � t0Þ�

� exp � R2

4aðt � t0Þ

� �
þ exp � R2

i

4aðt � t0Þ

� �
þ
Z 1

0

hðfÞ exp �
R2

f

4aðt � t0Þ

 !
df

" #
:

ð5:17Þ
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for the second-kind boundary condition. Also, we have verified that if b = 0 both solutions agree with the
homogeneous half-space Green�s function at the transient state (Chang, 1977, Eq. (5.1)).

5.3. An infinite plane

For a two-dimensional plane, in analogous to (4.3), the solution of (5.6) takes the form
est
0
Ge ¼ 1

2pj
K0ð~kRÞ: ð5:18Þ
Taking the inverse Laplace transform of (5.18) and making use of the identity of (A.7), one finds
Ge ¼ Hðt � t0Þ
j½4pðt � t0Þ� exp � R2

4aðt � t0Þ � ak2ðt � t0Þ
� �

: ð5:19Þ
Thus,
Gðx; x0; t; t0Þ ¼ Hðt � t0Þ
j½4pðt � t0Þ� exp � R2

4aðt � t0Þ

� �
� expð�b � ðxþ x0Þ � ak2ðt � t0ÞÞ: ð5:20Þ
Letting b = 0, we recover the known two-dimensional Green�s function at transient state for a homogene-
ous solid (Chang et al., 1973, Eq. (16)).

5.4. A half-plane

Lastly, we consider the transient-state Green�s function for a half-plane. The algebraic correspondence of
(5.7) suggests that the solutions in the transformed domain, in view of (4.9) and (4.10), should be
est
0
Ge ¼ 1

2pj
½K0ð~kRÞ � K0ð~kRiÞ�; ð5:21Þ
for the first kind boundary condition, and
est
0
Ge ¼ 1

2pj
K0ð~kRÞ þ K0ð~kRiÞ þ

Z 1

0

hðfÞK0ð~kRfÞdf

� �
; ð5:22Þ
for the second kind boundary condition. Now making use of the identity (A.7) together with the basic shift-
ing theorems for Laplace transform, we find that the Green�s functions for a graded half-plane take the
forms
Gðx; x0; t; t0Þ ¼ Hðt � t0Þ
4pjðt � t0Þ expð�b � ðxþ x0Þ � ak2ðt � t0ÞÞ

� exp � R2

4aðt � t0Þ

� �
� exp � R2

i

4aðt � t0Þ

� �� �
; ð5:23Þ
for the first-kind boundary condition, and
Gðx; x0; t; t0Þ ¼ Hðt � t0Þ
4pjðt � t0Þ exp½�b � ðxþ x0Þ � ak2ðt � t0Þ�

� exp � R2

4aðt � t0Þ

� �
þ exp � R2

i

4aðt � t0Þ

� �
þ
Z 1

0

hðfÞ exp �
R2

f

4aðt � t0Þ

 !
df

" #
:

ð5:24Þ
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for the second-kind boundary condition. Of course, the variables R, Ri, and R1 now follow the expressions
for a two-dimensional plane, namely Eq. (4.11).
6. Closure

In summary, we have derived a number of Green�s functions for conduction phenomena analytically for
an exponentially graded solid. Domains of an unbounded space and a half-space, either three-dimensional
or two-dimensional, with two types of homogeneous boundary conditions are considered. The exact expres-
sions for these Green�s functions are rather compact. Of course, further simplification can be anticipated if
we allow that the material possesses further crystallographic symmetries or assume that the grading direc-
tion and/or one of the symmetry planes is parallel to the boundary surface. The relative simplicity of the
obtained Green�s functions offers the prospect for a wide range of applications. For example, they may be
employed to study the nonlocal effects of composites and to assess the effective properties of graded random
composites. A recent review (Buryachenko, 2001) addressed some of relevant subjects. Further, as in homo-
geneous materials, we note that the Green�s functions also fulfill the symmetry property, G(x,x 0) = G(x 0,x)
or G(x,x 0; t, t 0) = G(x 0,x; t, t 0). It should be mentioned that due to the mathematical correspondence be-
tween conduction and anti-plane mechanics, the present derived (steady-state) Green�s functions apply
readily to the context of anti-plane elasticity. Lastly there are some related subjects that one may explore
in future studies. For example, one may consider the Green�s function associated with a third-kind (convec-
tive) boundary condition, the Green�s functions for domains of an infinite strip or bi-material, and for
materials with cylindrical or spherical anisotropy.
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Appendix A. Some useful identities

We record some useful identities of integral transforms that are employed in the formulation:
 �n o ffiffiffir

L t�

3
2 exp � a

t
¼ p

a
expð�2

ffiffiffiffiffi
as

p
Þ; ðA:1Þ

F�1fðn2 þ q2Þ�
1
2e�rðn2þq2Þ

1
2g ¼ 1

p
K0ðqðx2 þ r2Þ

1
2Þ; ðA:2Þ

F�1fK0ðrðn2 þ q2Þ
1
2Þg ¼ 1

2
ðx2 þ r2Þ�

1
2e�qðx2þr2Þ

1
2; ðA:3Þ

F�1f~f ðanÞg ¼ 1

a
f

x
a


 �
; ðA:4Þ

F�1f~f ðn � p0Þg ¼ eip0xf ðxÞ; ðA:5Þ

F�1fe�ig0n~f ðnÞg ¼ f ðx� g0Þ; ðA:6Þ
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L
1

2t
exp � a2

4t

� �� �
¼ K0ða

ffiffi
s

p
Þ: ðA:7Þ
We mention that (A.1) can be found in Sneddon (1972, p. 520); Eqs. (A.2) and (A.3) are, respectively, re-
corded from page 111 and 125 of Campbell and Foster (1954). Formulae (A.4)–(A.6) are basic shifting the-
orems of Fourier transforms (Sneddon, 1972, p. 39). Equation (A.7) is recorded from Korn and Korn
(1968).
Appendix B. Solution procedure for (3.10)

In this Appendix we outline the solution procedure of (3.10), which will be formulated based on a stand-
ard procedure (Hildebrand, 1965, p. 228) for the Green�s function of a self-adjoint operator. Here we only
derive solution of (3.10) with the boundary condition (3.11)1. The same equation associated with the con-
dition (3.11)2 can be resolved in a similar manner. As a starting point, we first let u(x1) be a solution of the
homogeneous equation (3.10)1 that satisfies the boundary condition (3.11)1 at x1 = 0 and also let v(x1) be
the other homogeneous solution which remains finite as x1!1. The solution eGw

can be expressed in the
forms
eGw
ðx1; x01Þ ¼

c1uðx1Þ; 06 x1 < x01;

c2vðx1Þ; x01 < x1 < 1;

�
ðB:1Þ
in which c1 and c2 are some constants and u and v can be determined as
uðx1Þ ¼ expðlx1Þ � expð�lx1Þ; 06 x1 < x01;

vðx1Þ ¼ expð�lx1Þ; x01 < x1 < 1:
ðB:2Þ
By the method, the unknown coefficients c1 and c2 can be determined by demanding that eGw
be continuous

at x1 ¼ x01,
c2vðx01Þ � c1uðx01Þ ¼ 0; ðB:3Þ

and that the derivative of eGwðx1; x01Þ with respect to x1 follows the jump condition
c2v0ðx01Þ � c1u0ðx01Þ ¼ �wðx01Þ=k11: ðB:4Þ

These two conditions, (B.3) and (B.4), will give a unique solution for c1 and c2 as
c1 ¼ � vðx01Þ
K

; c2 ¼ � uðx01Þ
K

; with K ¼ � 2k11l
wðx01Þ

: ðB:5Þ
Hence (B.1) takes the form
eGwðx1; x01Þ ¼ � 1

K
uðx1<Þvðx1>Þ; ðB:6Þ
or, equivalently, (3.13), where the variables x1< and x1> have been defined in (3.15).
Appendix C. Fourier inversion of (3.8) with eGw
defined in (3.13)

In this Appendix, we describe detailed derivation procedures for the Fourier inverse of eGe
through (3.8).

We recall that the function eGe
, defined in (3.8), was obtained from Gw, (3.13), divided by w(x1), (3.9). To

begin with, let us first expand the quantity l as
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l ¼ ðm33n
2
2 þ 2m23n2n3 þ m22n

2
3 þ k2k11Þ

1
2=k11 ¼ A n2 þ

C

A2
n3

� �� �2

þ B2 � C2

A2

� �
n2
3 þ D2

" #1
2

; ðC:1Þ
in which
A ¼ ffiffiffiffiffiffiffi
m33

p
=k11; B ¼ ffiffiffiffiffiffiffi

m22

p
=k11; C ¼ m23=k

2
11; D2 ¼ k2=k11: ðC:2Þ
To perform the double Fourier inverse of (3.8), let us consider the first exponential term in the bracket of
(3.13). The second term of which can be integrated in a similar manner. To do the inverse transform, we
first derive the integral with respect to n2. For clarity, we denote the outcome symbolically as P
P 	 F�1 e�lðx1>�x1<Þ

2lk11

wðx01Þ
wðx1Þ

� �
e�iðn2x02þn3x03Þ; n2 ! x2

� �

¼ F�1 e�lðx1>�x1<Þ

2lk11
e
�in2 x0

2
þk12

k11
ðx1�x0

1
Þ


 �
e
�in3 x0

3
þk13

k11
ðx1�x0

1
Þ


 �
; n2 ! x2

( )
: ðC:3Þ
In the above we have incorporated the function wðx01Þ=wðx1Þ via (3.9) inside the expression. To proceed, we
set
n ! n2; r ! ðx1> � x1<Þ; q2 ! B2 � C2

A2

� �
n2
3 þ D2; a ! A;

p0 ! �Cn3=A
2; g0 ! x02 þ k12ðx1 � x01Þ=k11; ðC:4Þ
in (A.2) and (A.4)–(A.6). After some manipulations, it can be shown that P has the form
P ¼ 1

2pk11A
K0 ðE2n2

3 þ D2Þ
1
2R2


 �
e
�in3 x0

3
þ C

A2
ðx2�x0

2
Þþ k13

k11
� C

A2
k12
k11


 �
ðx1�x0

1
Þ

h i
; ðC:5Þ
where
E2 ¼ B2 � C2

A2 ; R2 ¼ ðx1> � x1<Þ2 þ x2�g0
A

� �2h i1
2

: ðC:6Þ
We next invert the function P with respect to n3 and denote the resulting formula as Qðx1; x2; x3Þ

Q ¼ F�1fP; n3 ! x3g: ðC:7Þ
For the Fourier inversion, we now make use of (A.3)–(A.6) by setting that
n ! n3; r ! R2; q2 ! D2; a ! E; p0 ! 0;

g0 ! x03 þ
C

A2
ðx2 � x02Þ þ

k13
k11

� C

A2

k12
k11

� �
ðx1 � x01Þ: ðC:8Þ
This will allow us to derive (C.7) exactly as
Q ¼ 1

4pk
3
2
11AE

expð�kRÞ
R

; ðC:9Þ
where
R2 	 ðx1> � x1<Þ2

k11
þ 1

k11A
2

� k12
k11

ðx1 � x01Þ þ ðx2 � x02Þ
� �2

þ 1

k11E2
ðx3 � x03Þ �

C

A2
ðx2 � x02Þ �

k13
k11

� C

A2

k12
k11

� �
ðx1 � x01Þ

� �2
: ðC:10Þ
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The function Q can be further simplified by noticing that
k
3
2
11AE ¼ k

3
2
11

m
1
2
33

k11
B2 � C2

A2

� �1
2

¼ k11m33

m22

k211
�

m2
23

k411
m33

k2
11

0@ 1A24 35
1
2

¼ 1

k11
m22m33 � m2

23

� �� �1
2

¼ ðdet kÞ
1
2

¼ j: ðC:11Þ
Also, in conformity with (C.2) we can rewrite R2 in the form
R2 ¼ ðx1> � x1<Þ2

k11
þ eR2

; ðC:12Þ
where
eR2 ¼ k11
m33

� k12
k11

ðx1 � x01Þ þ ðx2 � x02Þ
� �2

þ m33

det k
ðx3 � x03Þ �

m23

m33

ðx2 � x02Þ �
k13
k11

� m23

m33

k12
k11

� �
ðx1 � x01Þ

� �2
: ðC:13Þ
It can be proven analytically that the expression R in (C.12) is precisely the one defined in (2.18). Although
the form of (C.12) may not be simple, this expression has some merits. Let us take the first exponential term
in (3.13) as an example. We see that the term exp(x1>�x1<) only enters the first item in (C.12), while it has
no effect on the part eR. This suggests that for the second exponential term of (3.13) its inversion can be
readily obtained from (C.12) simply by replacing (x1> � x1<) with (x1> + x1<) without repeating the whole
derivations again. In other words, we have
1

4p2

Z 1

�1

Z 1

�1

1

2lk11
e�lðx1>þx1<Þ wðx01Þ

wðx1Þ

� �
ein2ðx2�x0

2
Þein3ðx3�x0

3
Þdn2dn3 ¼

expð�kRiÞ
4pjRi

; ðC:14Þ
where
R2
i 	

ðx1> þ x1<Þ2

k11
þ eR2

: ðC:15Þ
Hence we have
Geðx; x0Þ ¼ expð�kRÞ
4pjR

� expð�kRiÞ
4pjRi

: ðC:16Þ
Appendix D. Fourier inversion of (3.8) with eGw
given in (3.14)

Here we present the procedures of Fourier inverse transform for (3.8) with eGw
given in (3.14). As a first

step, we first rewrite (3.14) as
eGw
ðx1; n2; n3Þ ¼

wðx01Þ
k11

1

2l
e�lðx1>�x1<Þ þ 1

2l
e�lðx1>þx1<Þ � p

ðl þ pÞl e�lðx1>þx1<Þ
� �

: ðD:1Þ
The first two terms are exactly identical (apart from a difference in sign) with those in (3.13) and thus their
inversions follow immediately from foregoing results derived in Appendix C. Here we only need to consider
the third exponential term. For convenience, let us use K to represent this function. To proceed, we follow
an idea of Carslaw (1902) by letting l = ig, which will give
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K 	 � p
ðl þ pÞl expð�lðx1> þ x1<ÞÞ ¼ � p

ðig þ pÞig expð�igðx1> þ x1<ÞÞ

¼ � p
ig

� �
ðp � igÞ cos gðx1> þ x1<Þ � ðg þ ipÞ sin gðx1> þ x1<Þ

p2 þ g2
: ðD:2Þ
Making use of the following identities of Fourier cosine and sine transforms (Sneddon, 1972)
p
p2 þ g2

¼
Z 1

0

expð�pfÞ cos gfdf;
g

p2 þ g2
¼
Z 1

0

expð�pfÞ sin gfdf; ðD:3Þ
the function K is equivalent to
K ¼ � p
ig

Z 1

0

expð�pfÞ expð�igðx1> þ x1< þ fÞÞdf ¼ 1

2l

Z 1

0

hðfÞ expð�lðx1> þ x1< þ fÞÞdf; ðD:4Þ
where
hðfÞ ¼ �2p expð�pfÞ: ðD:5Þ

Up to this stage we have not yet made the Fourier inversion; we simply rewrite the term K in the form of
(D.4). Thus, upon substitution of the third term in (D.1) into (3.8) and (3.4), the Fourier inversion of the
corresponding Ge can be expressed as
F�1 F�1 1

2lk11

wðx01Þ
wðx1Þ

� �Z 1

0

hðfÞe�lðx1>þx1<þfÞdfe�iðn2x02þn3x03Þ; n2 ! x2

� �
; n3 ! x3

� �
¼
Z 1

0

hðfÞF�1 F�1 1

2lk11

wðx01Þ
wðx1Þ

� �
e�lðx1>þx1<þfÞe�iðn2x02þn3x03Þ; n2 ! x2

� �
; n3 ! x3

� �
df: ðD:6Þ
Since f is a dummy variable which does not involve in the inversion formulae, we can interchange the inte-
gral sign for f and the Fourier inversion with respect to n2 and n3. The advantage of this alternative expres-
sion of K is now recognized that the Fourier inversion of (D.6) is directly obtained, without derivations,
from (C.15) simply by replacing (x1> + x1<) with (x1> + x1< + f). Thus we conclude that the Fourier inver-
sion of the third term in (D.1), incorporating with (3.8) and (3.4), follows
Z 1

0

hðfÞ expð�kRfÞ
4pjRf

df; with R2
f 	

ðx1> þ x1< þ fÞ2

k11
þ eR2

: ðD:7Þ
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